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Abstract

This paper addresses an important issue in the structure of invariant choice models,
showing that the apparently important difference between homoskedastic and
heteroskedastic models is not fundamental. The key result in the paper is the
Homoskedasticity Theorem, showing that for an IRUM with normally distributed
utilities, i.e. a probit model, there exists a homoskedastic model with the same choice
probabilities and elasticities. Additionally we show that the homoskedastic model can
be free of negative correlations between the utilities and we explain how to find,
among the homoskedastic models with the required choice probabilities, the model
with minimum correlations. For models with disturbances of other forms, this result
should hold approximately. Relevant consequences of the Homoskedasticity Theorem
are also discussed. First, the variance can be increased without limit, but there is a
strict lower limit, which can be calculated based on constructing a matrix with
minimal variance. Then, using the same mathematical approach, models are derived
that have the same utility difference covariance matrix as any given IRUM, but are
homoskedastic and have all their covariances positive, so that it is possible that closed-
form GEV models could be found to approximate them.
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1. Introduction

This paper addresses an important issue in the structure of choice models. Many of these models are
based on the random utility paradigm and within that paradigm an important characteristic of the
models is whether they can be classified as homoskedastic or heteroskedastic, i.e. whether the random
utilities on which the model is based have equal or unequal variances.

The skedasticity of models is particularly important in considering the function of GEV models,
which since their formulation by McFadden (1978, 1981) have played a central role in choice
modelling. GEV models are homoskedastic, because of the way they are defined, whereas many of
the models developed more recently are heteroskedastic. In this paper we focus on the large group of
invariant random utility models (IRUM), including GEV models, those for which the variances are
not dependent on the values of utility.

The primary contribution of this paper is to show that this apparently important difference between
homoskedastic and heteroskedastic models is not fundamental. The key result in the paper is a
theorem, the Homoskedasticity Theorem, showing that for an IRUM with normally distributed
utilities there exists a homoskedastic model with the same choice probabilities and elasticities.

1



Additionally we show that the homoskedastic model can be free of negative correlations between the
utilities and we explain how to find, among the homoskedastic models with the required choice
probabilities, the model with minimum correlations. For models with disturbances of other forms, this
result should hold approximately.

Apart from uncovering an important property of choice models in general, the paper shows that the
scope for modelling using homoskedastic models (e.g. GEV models) is less limited than may have
been thought. GEV models are homoskedastic, with non-negative correlations between the utilities, so
that being able to transform all IRUMs to have these properties opens the possibility for substitution
or approximation of more complex models by GEV models which have computational advantages for
both estimation and application. For example, the papers by Marzano and Papola (2008) and Marzano
et al. (2013) make considerable progress in defining cross-nested logit models, which are in the GEV
family, to fit most feasible correlation structures.

Formally, following Marschak (1960), we write the choice probabilities for a RUM with a finite
choice set C,, for choice situation n as

Pr{choice in situation n = c|Cp} = Pr{Uc, = UV j € Cy}
where Uj, gives the consumer’s utility of alternative j in choice situation n and

an = an + €jn

where Vj, is the analyst’s approximation of the utility of alternative j in situation n and
€jn is an error which includes that approximation as well as other decision-maker-related
sources of randomness (Ben-Akiva and Lerman, 1985; Cascetta, 2009).

The covariance matrix of €, across the alternatives will be denoted by X,. Then we can define
‘invariance’ precisely by deeming a model to be invariant if Z,, does not depend on Vj, for any j (or
any component of V), i.e. using the ‘strong’ definition of invariance as set out by Daly (2007) and
Ibafiez (2007). This notation will be used throughout the paper.

Section 2 of the paper discusses the ways in which heteroskedasticity affects different choice
situations and how this can be eliminated. This is followed in Section 3 by a review of the relevant
literature on the structure of choice models and on the relationship between IRUM and GEV models.
Section 4 presents the main mathematical lemmata and theorems, while Section 5 summarises the
findings.

2. Heteroskedasticity across choice situations

In a choice model, heteroskedasticity may arise because of heterogeneity in the variances of random
residuals within a given choice situation and/or across choice situations. In addition,
heteroskedasticity may also arise as a function of the systematic utility V; of each alternative j, or
some of its components: such heteroskedasticity with respect to the systematic component of utility is
not covered in the present paper, which deals with models that are invariant in this respect, i.e. IRUM.

Initially, we will focus attention instead on heteroskedasticity (not arising from V) across choice
situations, i.e. n: this type of variation can relate to the individual consumer and/or to the set of
alternatives that are available and causes X, to be different for different n. The main procedure that
can be used to eliminate variation in X, is scaling. For example, suppose we have a model in which
the variance 62 of €jn depends on n, but not on j. Then if we write

U; V: €;
U'jn = jn/an = m/an + /o,



we obtain a model which has the same ranking of preference, i.e. choice is unaffected, but which is
homoskedastic. This procedure was applied by Daly and Zachary (1975) to achieve homoskedasticity
in a binary choice model.

The context of this paper is not that of model estimation, where o, would be unknown, but of the
theoretical properties of the model and its application once the model had been fully estimated. It is
reasonable then to assume that o, is known and that we can make the scaling transformation as
discussed. In addition, as pointed out by Marzano et al. (2013), there are choice contexts, such as
route choice and activity-based modelling, in which the analyst may have prior expectations on
covariances amongst alternatives before model estimation.

In models with multiple alternatives, where the variance of €, depends on both j and n, the
application of scaling is less obvious. However, scaling can be applied to achieve uniformity in the
variance of (say) alternative 1, or in the determinant of X,, or some other appropriate measure.
Because of this, we focus in the remainder of the paper on the issue of heteroskedasticity across the
alternatives and we drop the subscript n accordingly.

Once heteroskedasticity across choice situations has been removed through scaling, we will focus
attention on heteroskedasticity with respect to the alternatives, i.e. affecting the rows of X: this is the
main topic of the paper and is covered in the following sections.

3. Review of key literature

This section is devoted to a brief literature review, aiming at identifying the most relevant
contributions related to the concepts of IRUM and of homoskedasticity.

For the purposes of the paper, two noteworthy classifications of IRUM are of interest, namely
depending on:

e the hypotheses underlying the cumulative distribution function of the U;Vj € C. For instance,
GEV models assume that the random part € of the utilities follows a Multivariate Extreme
Value (MEV) distribution derived from a generating function complying with the
requirements of the GEV theorem (McFadden, 1978), whilst the Probit model is based on a
multivariate normal distribution and the Mixed Logit model is based on mixtures of normal
(or lognormal etc.) and MEV distributions;

e the mathematical structure of the probability statement. IRUM may be closed-form or non-
closed-form models, depending on the availability of a closed-form probability statement, i.e.
not requiring explicit integration (e.g. by simulation) for the calculation of choice
probabilities. Whether or not a closed form exists depends on the form of the distribution of €.

Such classifications are mutually integrated in well-known common beliefs in the literature: for
instance, GEV models are expected to be homoskedastic, invariant and closed-form, while
heteroskedastic models are expected to be non-GEV and usually not closed form. In fact, in partial
contrast with the above, some papers provide evidence that the class of GEV models is wider than
expected with respect to the class of IRUM. Therefore, for the purposes of the paper, it is worth
reviewing first the mathematical characterisations of GEV models, and then the relationship between
GEV and IRUM.

GEV models represent so far the simplest and most effective class of IRUMs, thanks to some useful
and intriguing properties. A set of sufficient conditions for the practical implementation of GEV
models is given by McFadden’s (1978) theorem, which allows us to obtain a GEV model from a
homogeneous nonnegative function G(.) satisfying specific requirements, leading to an (apparently)
closed form probability statement and to a Multivariate Extreme Value (MEV) distribution of random



residuals with homoskedastic' Gumbel marginals. Therefore, any GEV-genuine generating function
G (.) leads to a homoskedastic model.

Smith (1984) proves that McFadden’s conditions are also necessary to define the class of GEV
generating functions. Ibafiez (2007), in the context of an exhaustive systematization of the consistency
of probabilistic choice systems with random utility maximisation, reformulates the McFadden-Smith
conditions by introducing a weaker condition on the mixed partial derivatives of the generating
function.

Joe (2001) provided an exhaustive review of the statistical properties of the multivariate extreme
value (MEV) distributions, based on the so-called Pickands’ representation theorem (Galambos, 1987,
theorem 5.4.3, p. 265). A remarkable outcome is that non-closed-form MEV distributions can be
specified, therefore leading potentially to non-closed-form GEV models?. In that respect, it is worth
underlining that neither the G function nor the F distribution of the McFadden (1978) theorem are
required to exhibit a closed-form expression, i.e. allowing for non-closed-form GEV models is at least
in principle consistent with McFadden’s theorem requirements. Karlstrém (2003) showed the
Pickands’ representation of MEV distribution functions with Gumbel marginals to be consistent with
the McFadden-Smith characterization of GEV models, and proposed a new GEV model (termed the
PNL-L model) with a potentially non-closed generating function.

These suggestions and indications of the existence of non-closed-form GEV models raise a natural
and quite relevant theoretical question: how general is the GEV class if compared to the IRUM class?
Notably, since GEV models are inherently homoskedastic and since also heteroskedastic IRUM exist,
answering such a question has implications also for the relationship between homoskedastic and
heteroskedastic IRUM. A general characterization of the IRUM class is reported by Mattsson et al.
(2014) and by Lindberg et al. (1995).

More specifically, Dagsvik (1995) proved that any IRUM probabilities® can be approximated through
a GEV model. Specifically, given a vector of perceived utilities U = (U1 U]) with a joint
probability density function f (y1 y]), Dagsvik proves that the following joint cumulative
distribution function:

U—x;
F(x,..x,)=exps—E [Ze a ] =
k

+o0 +0 ni=s )
=expi— [ .. | (%e @ J Sy,))dy,..dy,

W= y,=—0

is an MEV distribution approximating, as a — 0, the choice probabilities provided by the IRUM
based on U. Therefore, since the GEV class is dense in a mathematical sense within the IRUM class,
any heteroskedastic IRUM might be approximated through a homoskedastic model. Anyway,
practical consequences of Dagsvik’s generating functions (e.g. what sorts of model are actually

! Notably, McFadden (1978) does not state explicitly the homoskedasticity of the GEV models. However,
thanks to the homogeneity of the generating function G(.), the marginal distribution of a single random residual
€; may be obtained from the joint MEV distribution F(€) = exp(—G[exp(—¢€)]) as F; = exp(—a; exp(—¢;)) =
exp(— exp(—¢; +loga;)). In this expression, a; = G(0, ..., 1,...) is a location parameter enabling different
mean values among random residuals, but (see page 578 of McFadden (1978)) not affecting the variance of the
marginal random residuals.

2 See the generating function before the statement of the theorem on p. 181 in Joe (2001).

3 Notably, the characterisation of invariant RUM is not explicitly stated in Dagsvik (1995), even though it might
be considered necessary in the light of his assumption A.1 (p. 91).
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obtained from such approximations) have not been explored yet in the literature. More recently,
Fosgerau et al. (2013), in the context of establishing a general framework for the choice probability
generating functions, review the role of RUM with multivariate extreme value distributed utilities and
provide a slight generalisation of the Dagsvik result.

Daly (2007) shows that additive IRUMs defined by utility distributions meet McFadden’s GEV
theorem requirements and therefore ‘are’ (homoskedastic) GEV models. This finding is based on a
function H which is a multi-dimensional integral over the utility space, which is shown to exist, and
which can be exponentiated to get a McFadden GEV function. In particular, it allows proof that the
homogeneity condition on the generating function G is equivalent to the assumption of model
additivity. Therefore, a non-closed H function, respecting the assumption of additivity, can be chosen
to meet McFadden’s assumptions. This result has a twofold implication: firstly, it implies again that
all IRUM are equivalent to homoskedastic models (e.g. an invariant Heteroskedastic Extreme Value
model would be in fact equivalent to a homoskedastic GEV model, though not, of course, of closed
form); secondly, it is possible to have non-closed-form GEV models.

It is therefore worth looking for a different viewpoint able to support these tenets and to find in
practice the homoskedastic equivalent of a given heteroskedastic IRUM. This point will be made
more explicit in the following section, where it will be explored from a new and different standpoint.

4. The Homoskedasticity Theorem

In this section we prove the Homoskedasticity Theorem which is the central result of the paper and
follow up with results on the minimum variance of utilities and the possibility of making all the
covariances positive. First, however, we establish a lemma concerning IRUM.

4.1 Potential for equivalent models

In sections 1 and 2 above we discussed models defined by the fundamental IRUM formula for each
alternative j

U=Vi+g

This model may be transformed by adding further components
Up=Vi+Vo+e€ +¢

where V; is a fixed value and €, is a random value. Provided V, and €, do not vary across the
alternatives, the model is essentially unchanged by the addition of these components, in the sense that
the order of preference of the alternatives and hence the choice probabilities are unchanged.

The fact that the addition of a constant value V, does not change the model is well known and can be
considered to be part of the specification of RUM, following Marschak (1960). However, the addition
of a random term is less familiar but also has no impact on the choices. In this paper we exploit this
possibility extensively, choosing €, to have specific patterns of correlation with €; to change the
variance and covariance of U but without changing the choice probabilities or elasticities.

The choice probabilities of the model are essentially defined by specifying a matrix Q of utility
differences. It may be noted that the covariance matrix X of the utilities has % J(J + 1) degrees of
freedom, if there are J alternatives, while the matrix of utility differences has i J(J — 1) degrees of

freedom, i.e. J fewer. Within these / degrees of freedom, which do not affect the choice probabilities,
there is considerable scope for changing the specification.



For example, a common procedure, following Daganzo (1979), is to choose one alternative (e.g.
alternative 1) as the base and to set Vo = —V;, €y = — €1 (so that U; = 0). This transformation
reduces the dimensionality of the problem for processing in a number of contexts. However, this
freedom can be exploited in other ways to achieve other objectives. Let S(X) be the set of matrices
that yield the same choice probabilities as X.

Starting from these premises, Daly (2001) explored the possibility of finding within S(Z) a covariance
matrix X that was homoskedastic. Let H(X) € S(Z) be the set of such matrices, if they exist. The
following Homoskedasticity Lemma characterises any such matrices.

A homoskedastic utility covariance matrix giving the same covariance matrix of utility
differences as X has the form

kok-Se gt

2 52

3, = k k—%
k

where  §j, = ojz +0f — 20y,
sz gives the variance of € and Ojk the covariance of € and €y, i.e. these are the

elements of £ and
k is the homoskedasticity parameter.

Proof of the lemma follows from simply writing down the conditions that such a matrix must
satisfy.

It will be useful in the remainder of the paper to refer to the property that the covariance matrix of a
random vector is positive definite, in the absence of linear dependence between the components of the
vector. Of course, this property still applies if the random vector is constructed by adding a single
random number to a random vector.

For example, it is essential that £, should be positive semi-definite to maintain a real-valued model
and indeed it should be positive definite to maintain a non-degenerate model. Because of the
condition for covariance matrices, this will be the case if it is created by adding a real-valued €, to the
utilities, but it is not immediately obvious from its form that X, is positive (semi-)definite. Daly
(2001) gave the necessary condition k > max(Sjk) /4, but also gave a simple example showing that
this condition is not sufficient.

The number of degrees of freedom in X, is % J{J — 1) + 1, i.e. this matrix covers the space of utility

differences (as is clear from the construction of &) plus the additional degree of freedom given by k,
which does not affect the utility difference distribution.

In the following section we establish that, for models with normally-distributed utilities, positive
definite matrices of this form can be created by appropriate specification of €. It is clear that if such a
matrix can be found, further matrices in H(X) can be developed with larger values of k by increasing
the variance of €y, e.g. by adding a further independent random component. However, reduction of
the variance of € is possible only down to the limit of zero, beyond which point we no longer have a
real-valued model, which suggests that there might be a minimum value of k. This issue is discussed
in section 4.3 below.



4.2

The Homoskedasticity Theorem

We prove the following theorem.

For a non-degenerate IRUM with normally-distributed utilities (i.e. a Probit model), there
exists a homoskedastic IRUM that gives the same choice probabilities and elasticities.

The proof consists of constructing a real random variable €, that is added to the utilities of the
original IRUM to make their covariance heteroskedastic. Because we are adding the same
value to all the utilities the choice probabilities remain constant, as do their derivatives, i.e.
the elasticities are also constant.

Let X be the covariance matrix of €, i.e. giving the covariance of €; over the alternatives j for
a non-degenerate IRUM. Let A be the Cholesky decomposition of X, i.e. the unique lower
triangular matrix such that AAT = £. We know that A exists because I is positive definite,

being the covariance matrix of the utilities of a non-degenerate model. We may then define
normally distributed variables 7 to have the same covariance matrix as € by

N = ket A

where A are the elements of A and
&y are independent standard normal variables.

Let o; be the diagonal elements of Z, i.e. the variance of 7;. Define coefficients § for each
alternative recursively:

_ O;
Br=""Y22,,
j-1
0; — Y1 Bk .
ﬁj — ( J Zk—lﬁk k})/Z/l,-j’ for] >1

These definitions imply that g; = 2 Z£=1 Bik;j-
Consider €, = — Z§=1 B;¢;. We find that
=y B2
var(eo) = Xj=1 Bj = k. say
. . 1

covar(e€y,n;) = covar(— Z§=1ﬁj€j s Yhet Aik€ie) = = ket Brdij = =39
Define €/ = €; + €y. Then

var(€}) = var(&o) + var(e;) + 2covar(eo, €;) = k + 0; + 2covar(ey, ;)

Because € is assumed to be normally distributed, 7 = € is the unique vector with covariance
matrix X, so that

var(€) = k + g; + 2covar(eo,n;) = k

This is constant and the model defined by €* is therefore homoskedastic. Because of its
construction it has choice probabilities equal to the model defined by €, proving the theorem.



It may be noted that the only reliance on the normality of € is in calculating its covariance with €.
When the model is not based on normal disturbances, the representation by Cholesky components is
only approximate and the covariance calculation and homoskedasticity finding are therefore also only
approximate.

The value of k that is obtained, i.e. Z§=1 ,6’]-2, is well-defined but is not a characteristic of X. In fact, if

we apply the procedure to the transformed matrix, we obtain a different value of k. It is therefore
worth enquiring whether there are specific values of k that are more useful than others and this is the
subject of the Section 4.3.

To obtain the off-diagonal elements of the utility covariance matrix of the transformed model, we
calculate

covar(€f, € ) = covar(ej, €) + var(eg) — covar (e, €;) — covar (€, €;)
1 1 1
=O_jk+k_50-j_50-k = k—E(S]k

with &j; defined as in section 4.1. The matrix of utility variances of the transformed model is thus
exactly of the form required in section 4.1. Additionally, because of the construction of €*, we know
that the matrix is positive semi-definite and, in the absence of linear dependence, positive definite.

4.3 Minimum-variance models

The parameter k appears as a positive value in all the cells of the matrix in 4.1. Given that k can
simply be increased without limit, by adding an independent random variable to all the utilities, it is
interesting to ask the questions

e what is the minimum value of k that is consistent with a real or non-degenerate model?

e what is the minimum value of k that ensures that all of the off-diagonal elements in the matrix

are non-negative?

The second question arises in the context of approximation of models by GEV near-equivalents,
which require homoskedasticity and non-negative correlation of utilities.

In the Appendix, it is shown that, for matrices with the structure of X, , we can write the determinants
as

detX, =a.k+b

and that, in this equation, a > 0. There is then a minimum value of k for which one of the sub-
determinants of X, is zero, noting that the relevant sub-matrices have the same structure as X, . Then,

by the Jacobi-Sylvester criterion, the matrix X, is positive definite for all values of k greater than this

minimum.

Define the vector 1 to have all its elements 1 and to be of length /. Then for a random vector € with
non-degenerate covariance matrix £ we can calculate a random variable

{=C"'"D) e =Tk TnTknck
where T are the elements of 2. This variable ¢ has the following simple variance formula

var({) = C'DTI(E 1) = 172711 = z, say



where z is the sum of the elements of X1, It must be the case that z > 0, because X! is positive
definite. We can also calculate

covar(§,€;) = Yk XnTkn0ij = 1

where o are the elements of X, the equality to 1 following because T are simply the elements of the
inverse matrix. Because of this uniform covariance, adding any multiple of { to the utilities preserves
the skedasticity of the model. Thus if the model has been adjusted to be homoskedastic, using the
procedures of the Theorem, we may investigate the maximum value of a scalar y for which we can
subtract u¢ from the utilities of the model while retaining definiteness. We calculate

var (e — uf) = gj; + p?z — 2p
covar(ej — pug, €, — pg) = o + uz —2u
With respect to u, these values are minimised when y = 1/z, giving
var(e; — ug) = a5 — 1/,
COVﬂT(Ej — U, € — #{) = Ojk — 1/2

In a homoskedastic model, oj; is constant and this value of u therefore gives a limit to the variance in
the model, below which it cannot be reduced. Choosing this specific value may not be suitable
because it may give a singular matrix, but there is a smaller value of u that will give a positive
definite matrix, because there is a minimum value of k above which positive definiteness is
guaranteed. In any case, we may wish to choose a smaller value, to ensure that the covariances are
positive and therefore that the model can be approximated by a GEV model. Clearly, the covariances
can be made non-negative by appropriate choice of u, since u? appears with a positive coefficient in
the covariance formula above.

We conclude that it is possible to adjust a Probit model to be homoskedastic, non-degenerate and to
have all of its covariances non-negative. Within those constraints, it may be possible to minimise the
variance.

5. Summary of the main findings and research perspectives

This paper has primarily been motivated by the findings of various researchers that the GEV and
IRUM paradigms overlap to a much greater extent than has previously been apparent in the literature.
An important question suggested by these findings is how inherently homoskedastic and apparently
closed-form GEV models can possibly mimic the wide range of potentially heteroskedastic and/or
non-closed-form IRUM models.

The first conclusion of the paper is that heteroskedasticity across choice situations can often be
eliminated simply by scaling the utilities. It then suffices to consider heteroskedasticity between
alternatives. Moreover, the same simple scaling also brings some RUM models — where the only
dependence of the random utility component on the non-random component is in adjusting the
variance — into the IRUM class.

It is generally known that it is the matrix of utility differences (dimension % J(J — 1)) rather than the

matrix of utilities (dimension % J(J + 1)) that is fundamental to RUM. Within the additional |

dimensions of utility variation, effectively arbitrary, there may well be models that are homoskedastic,
even if an initial model is heteroskedastic.



In the central result of the paper, the Homoskedasticity Theorem is proved: given an IRUM, it is
always possible to construct a Probit IRUM that has a homoskedastic matrix of covariance of the
alternative utilities and the same covariance matrix of utility differences as the original model. If the
original model is Probit, the correspondence of the old and new models is exact, otherwise it may be
approximate. The new model is constructed from the old model by manipulation of the Cholesky
decomposition of the covariance matrix, the construction process ensuring that the new model is
strictly real, eliminating the issue present in previous work by Daly (2001), but retaining the matrix
structure of that work.

Relevant consequences of the Homoskedasticity Theorem are then discussed. First, the variance can
be increased without limit, but there is a strict lower limit, which can be calculated based on
constructing a matrix with minimal variance. Then, using the same mathematical approach, models
are derived that have the same utility difference covariance matrix as any given IRUM, but are
homoskedastic and have all their covariances positive, so that it is possible that closed-form GEV
models could be found to approximate them. When the equivalence is exact, this means that
homoskedastic models can be substituted for heteroskedastic models, without changing coefficient
values, elasticities or willingness-to-pay estimates.

In summary, the importance of the Homoskedasticity Theorem is first to remove an important
reservation concerning work such as Dagsvik (1995) and Daly (2007) who suggest GEV equivalence
for many heteroskedastic models. This paper explains how such an equivalence can occur. Second,
this paper gives further motivation to the search for explicit and preferably closed-form GEV models
that are equivalent to or closely approximate IRUM, e.g. in the work of Marzano et al. (2013). Given
the findings of the present paper, the target for that work can be extended from homoskedastic models
to all or most IRUM. Should acceptable equivalent closed-form GEV models be found for IRUM, the
gains to modelling practice would be substantial, because of the much greater speed associated with
closed-form model calculations.

Finally, we hope to have advanced the understanding of choice modelling in a difficult area.
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Appendix

The linearity of the determinant of the matrix in £, stated in Section 4, may be derived by means of the
Jacobi-Sylvester criterion. The criterion requires that, if D; is the principal submatrix obtained from
X, taking into account the first i rows and columns, Xj, is positive definite if and only if det(D;) >
0,Vi € 1...]. Note that, whatever i, the “structure” of each principal submatrix D; is always equal to
that of £, given in section 4.1, i.e. with elements equal to k on the main diagonal and to k — &;;/2 off
the main diagonal. Moreover, given the utility difference variances §, each det(D;) is a function of k
only.

These findings allow us to state, as shown below, that for any D; of this form, det(D;) can be
expressed as det(D;) = a;k; + b;, where:

o -9 % i ol 1—@_
2 52 2 7 2
512 2i 6 61’
b=del =5 O o T and g =deflT, L Iy
_511' _521' 0 1_@ 1—@ 1
L 2 2 ] L 2 2 ]

In other words, det(D;) [k] is a linear function of the homoskedasticity parameter k, so if a; # 0, one
and only one k exists such that det(D;) = 0. Let us define k; to be the k value such that
det(D;)[k] = 0. Moreover, as noted above, since the matrix is positive definite for k(Z), it is also
positive definite for k > k(Z), i.e. a; cannot be negative. This implies that if all the a; are non-zero,
then a positive definite solution exists for k > max{k;} and this k then forms the lower limit for real
models.

To prove this result, it is sufficient to take into account the following properties about determinants:

al a aip arp 4y - Ay aip ap - dp
ar| +b ay, +b .. an, +b a a .. a b b .. b
(a) de 9211021 922 +022 2002 | _ ol 921 422 |, et P21 P22 2n
L 9l ap App apl Ay - App apl Ap2 - Ay
ka“ ka12 kaln all 1112 aln
b a a .. a a a .. a
(b) defl 21 922 2| _pged 920 922 2n
L 9nl app - App apl Ap2 - App

(c) if D contains two or more linearly dependent rows, then det(D;) = 0

Applying recursively the property (a) to the matrix D; (or equivalently to X, since they have the same
structure), and using the properties (b) and (c), it follows that:
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which can also be written as:
L %2 b o %2 _Sm 0o %2 _%m
2 2 2 2 2 2
1,6172 1 1,% %12 0 _ S _%12 0 _ %
detX; = k| det] 2 5 |—det| Ty o | |+detf Ty 2
120w % O _%m I VI
2 2 2 2 2

The preceding formula, which can be written in a compact notation as det(D;) = a;k; + b;, allows
immediate calculation of the required k;. Note that a; and b; depend on the elements of the starting

matrix X.
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